We incorporate clockwork mechanism into the Standard Model flavour sector and show that the observed pattern of fermion masses and mixing can be obtained without any unnaturally small or large parameter in the fundamental theory. By introducing N f pairs of vectorlike fermions, as clockwork gears, for each generation of the Standard Model fermions and setting up a characteristic clockwork potential, it is shown that the inter-generational mass hierarchies are determined by N f . For a given type of fermions, strong or mild hierarchy in the masses and mixing parameters can be obtained by taking the large or small value of N f . The mechanism is shown to lead to a generalized version of the Froggatt-Nielsen mechanism as an effective description. * ketan@iisermohali.ac.in arXiv:1711.05393v2 [hep-ph] 
I. INTRODUCTION
A lack of understanding of the observed hierarchies between the masses of charged fermions and differences between the magnitudes of mixing among the quarks and leptons of the Standard Model (SM) constitutes the so-called flavour puzzle; see for example, a recent review [1] . A useful insight into the flavour puzzle can be obtained by representing the various ratios of fermion masses and mixing parameters in terms of the powers of a small parameter, namely the Cabibbo angle, λ = 0.23. For the masses at the weak scale [2, 3] , one obtains
The elements of the quark and lepton mixing matrices denoted by V and U , respectively, can also be approximated as [3, 4] |V us | ≈ λ , |V cb | ≈ λ 2.2 , |V ub | ≈ λ 3.8 ,
Although such hierarchies are technically natural, i.e. they remain almost unaffected under the renormalization group evolution, their existence in the first place still demands an explanation if a complete naturalness is expected from an underlying theory. Several mechanisms have been proposed in which such exponential hierarchies are generated without requiring very small or large fundamental parameters. For example, it was first pointed out by Froggatt and Nielsen in [5] that the hierarchical structure of quark masses and mixing angles can be induced in an effective theory with a spontaneously broken U (1) FN flavour symmetry. In the simplest realization of the Froggatt-Nielsen (FN) mechanism, a scalar field χ with U (1) FN charge FN(χ) = −1 develops a Vacuum Expectation Value (VEV) which can be conveniently expressed as χ = λ/Λ, where Λ is the cut-off scale. The different flavours and generations of quarks and leptons possess different charges under the U (1) FN , which determine the hierarchies in the masses and mixing parameters. For example, the Yukawa couplings for different types of fermions are obtained in an effective theory as
where Y f (for f = u, d, e, ν) are 3 × 3 matrices with complex elements of O(1). We assume that neutrinos are Majorana fermions and Y ν represents the coupling matrix of a dimensionfive operator which induces small neutrino masses. The matrices F f are determined from the U (1) FN charges of corresponding fermions and are given by
where f c i is the charge conjugate partner of f i . Moreover, the mixing between the ith and jth (j > i) generations of fermion of flavour f is proportional to λ FN(f i )−FN(f j ) [1] . Following this, the quark mass ratios in Eq. (1) and the quark mixing parameters in Eq. (3) are best described by the following choice of FN charges:
Here, s ≈ 3 reproduces the correct ratio m b /m t (as given in Eq. (2)) in the effective theories with only one Higgs doublet, like the SM. In the theories like the two-Higgs-doublet models, the ratio m b /m t depends also on a ratio of VEVs of the two Higgs, namely, v u /v d ≡ tan β.
Depending on the value of tan β, one can choose any value for s between 0 and 3 in order to reproduce the correct m b /m t . The FN mechanism can also be extended to the lepton sector with the following choice of FN charges for the leptons:
A possibility of no or mild hierarchy in the neutrino masses also allows a choice FN(l 1 ) = FN(l 2 ) = FN(l 3 ). However, FN(l 1 ) > FN(l 2 ) helps in obtaining small |U e3 |. The choice FN(l 2 ) = FN(l 3 ) is favoured by the large atmospheric mixing angle. In this article we propose a new mechanism to obtain an effective theory with FN-like structure. The mechanism is based on recently proposed Clockwork (CW) phenomena [6] (see also [7] [8] [9] for earlier versions) in which exponentially suppressed interactions are induced in a theory containing all the fundamental couplings of natural magnitude. An underlying theory includes multiple fields, namely the clockwork gears, and a potential containing interactions between only the adjacent CW gears. When an interaction is introduced between an external sector and the field at one of the end sites of the CW chain, the arrangement generates interaction between the external sector and the field at the other end with exponentially enhanced or suppressed coupling. The CW mechanism can be applied to the various kinds of fields [6] and it has already been studied for its phenomenological applications for the Higgs sector [6, 10] , inflation [7, 11, 12] , axion [8, 9, 13] , dark matter [14] , neutrino masses [14] [15] [16] and other sectors [17] [18] [19] [20] [21] [22] [23] . We explore this mechanism in the context of the SM flavour puzzle here. A preliminary version of fermionic CW is already discussed in [6] . We show that it can straightforwardly be generalized to the SM flavours such that one can obtain an effective FN-like structure. The number of CW gears plays a role of FN charges in this mechanism and by taking a different number of gears for different generations, one can explain intergenerational mass hierarchies.
We propose a more attractive extension of the above mechanism, namely Flavoured Clockworks (FCW). Unlike the previous case, the different generations of a given type of fermion have the same number of CW gears in this mechanism. They are allowed to couple with each other, maintaining the nearest-neighbour interaction structure of the CW mechanism. It is shown that, in this case the effective FN-like suppression factors arise as the eigenvalues of a matrix which is proportional to Q N , where Q is an n f × n f matrix for n f number of families such that the magnitude of elements of Q is less than unity while N being the number of CW gears. Even if there is no large hierarchy between the eigenvalues of Q, the eigenvalues of Q N can be hierarchical. The number of CW gears therefore control the hierarchy and one can obtain strong or mild inter-generational hierarchies for different types of fermion through an appropriate choice of N . The FCW mechanism provides a generalized ultraviolet completion of the FN mechanism such that an effective theory can generate fractional FN charges. Moreover the effective FN charges of different generations are determined by a parameter N .
We briefly review the CW mechanism and its simplest extension to the SM fermions in the next section. In Section III, we present FCW mechanism and discuss its features. The viability of FCW in reproducing the known structure of the masses and mixing of SM fermions is demonstrated in Section IV. The study is summarized in Section V.
II. CLOCKWORK MECHANISM
The CW mechanism for fermions includes a number of fields, termed as the clockwork gears, and a chiral symmetry which keeps one of these gears massless [6] . Consider N lefthanded Weyl fermions f a (a = 1, ..., N ) and their N + 1 partners, f c b (b = 0, 1, ..., N ), with opposite gauge quantum numbers. Let us consider a global symmetry which is a product of several U (1) factors:
have charges (1, 0) and (0, 1), respectively. The symmetry G is then broken by N mass terms giving rise to N massive Dirac fermions and leaving one linear combination of f c b as a massless fermion. The massless state is a result of a subgroup of G, namely U (1) R,0 , which remains unbroken by the N mass terms. The Lagrangian governing the CW mechanism is given by
where m and M are the mass parameters and for simplicity, they are assumed to be universal for all a. The m and M can be treated as spurions with charges (−1, 
Interestingly, f c b−1 has an overlap with the fermion located at the b th site suppressed by a factor q. After integrating out all the massive N pairs of f a and f c a from Eq. (8), one obtains an effective Lagrangian
where
Here f c is a massless fermion with canonically normalized kinetic term. It has an overlap with the fermion at the N th site which is suppressed by q N . This is an essence of the CW mechanism which can be utilized to generate small couplings in an effective theory starting with natural couplings in the fundamental theory. If the Yukawa interaction between f c b and an another field ψ is introduced at the N th site in the fundamental theory with a coupling of natural size then
One obtains small Yukawa coupling in an effective theory which is suppressed by a factor q N . This mechanism can straightforwardly be applied to all the SM fermions. In the simplest case, one can introduce N f i clockwork gears for a given generation of the SM fermion of type f . With a universal value of q ≈ λ and N f i = FN(f i ), the CW mechanism leads to an effective theory equivalent to the one obtained using FN mechanism. The N f i for different f i can directly be chosen from Eqs. (6) and (7) such that they reproduce realistic spectrum of fermion masses and mixing. In this spirit, the CW theory can be seen as an ultraviolet description of the FN mechanism. Note that in this simplest case, the CW gears of different generations in a given fermion sector are not allowed to couple with each other in order to sustain the inter-generational hierarchies created by different number of gears for each generation. Although such an arrangement can be justified by enhancing the symmetry of fundamental theory, we show that it is not necessarily needed.
III. FLAVOURED CLOCKWORKS
We now generalize the CW mechanism to FCW. Unlike the mechanism discussed in the previous section, the CW gears of different generations are allowed to interact with each other, maintaining the nearest neighbour interaction structure of the CW mechanism. For n f generations of a given type of fermion, the FCW gears consist of the fields: f (b = 0, 1, ..., N ; j = 1, ..., n f ). The Lagrangian in Eq. (8) can then be generalized to accommodate FCW as the following:
where from Eq. (13) leads to the following solutions,
where Q ij = (M −1 m) ij . We further assume both m and M to be real and |Q ij | < 1.
After integrating out all the n f × N pairs of gears, one obtains an effective Lagrangian
for n f massless fields
and Q is an n f × n f matrix which can be diagonalized using biunitary transformations. This leads to
The effective Lagrangian in Eq. (15) can be rewritten as
with f c = Z U Q f c 0 being n f massless modes with a canonically normalized kinetic term. A Yukawa interaction defined at the N th site then leads to
where ψ = (ψ 1 , ..., ψ n f ) T are n f number of fermions and H is a scalar. The n f × n f Yukawa coupling matrix Y (and therefore Y V † Q ) has elements of magnitude of O(1). The diagonal matrixQ N Z−1 acts as a suppression factor and generates a hierarchical structure in the effective Yukawa couplings.
The FCW mechanism described above can be applied to the different SM fermion flavours:
Generalizing the above mechanism to such fermions, we definẽ
where Q f and N f are the coupling matrix and number of gears for a given SM fermion sector, respectively. The elements ofF f are expressed as the powers of λ in order to compare the FCW framework with the FN mechanism. TheF f when compared with F f in Eq.
(5), the powers n(f i ) can be seen as an effective FN charge of fermion f i . Unlike in the FN mechanism, the effective charge can be a fractional number in this case. The major difference between the FCW and simple CW discussed in the previous section is that the flavour hierarchy in the FCW mechanism arise from multiple products of the matrix Q f . Even if the elements of Q f are chosen randomly such that |(Q f ) ij | < 1, the eigenvalue spectrum of Q N f f turns out to be hierarchical. This follows from a more general observation made recently in [24] . It was observed that products of matrices with elements of random O(1) numbers has hierarchical eigenvalue spectrum. If the matrix Q f has eigenvalues λ i , (|λ i | < 1 and i = 1, ..., n f ) then the eigenvalues of Q N f f are given by λ N f i . Therefore even a mild hierarchy between the λ i 's becomes strong in λ N f i 's when the number of CW gears are large. It can be seen from Eq. (20) that the value of N f almost determines the effective FN charges for all the generations of a given fermion flavour. This is the main feature of the FCW mechanism which distinguishes it from a simple extension of the CW mechanism to the SM flavour sector discussed in the previous section.
The effective theory of the flavour obtained from the FCW resembles with the ones obtained from the theories with extra spatial dimensions upon compactification [25] [26] [27] [28] . In the latter, the exponential hierarchy in the Yukawa couplings in four dimensions is produced through different localization of fermion fields in the extra dimension. The four-dimensional fermion fields convoluted with the profile factor in extra dimension produces strong or weak coupling in the effective theory depending upon their localization. In the FCW, the gears mimic the role of the extra dimension and the number of CW gears determines the hierarchy among the effective couplings of the theory. Both the theories can lead to effective FN description and can accommodate fractional FN charges for fermions. The details of similarities between the four-dimensional CW mechanism and the theories with extra dimension have been discussed in [6, 29, 30] . It is found that they are not exactly the same [29] .
We also note that the FCW framework described in the above can be seen as a specific case of the recently proposed mechanism [24] which is based on an observation that products of random O(1) matrices possesses hierarchical spectrum. In Eq. (20) , the suppression factor arises from a multiple product of the Q f matrix which is made up of elements of O(1). One can also work with nonuniversal (i.e. gear-dependent) coupling matrices which provide a characteristic example of the mechanism proposed in [24] .
IV. FERMION MASS PATTERN FROM FLAVOURED CLOCKWORKS
The result obtained in Eq. (20) can be used to simulate the effective FN-like charges for various fermions using appropriate coupling matrix Q f and selecting the appropriate number of CW gears N f . For example, in case of f = q, u c , e c , the Yukawa couplings for the third generation are required to be as large as O(1). Therefore, one can introduce FCW only for the first two generations, i.e. with n f = 2. Taking Q f as 2 × 2 matrix whose elements are chosen from a random uniform distribution of numbers within the range [−0.5, 0.5], one obtains the eigenvalue spectrum as shown in the left panel of Fig. 1 . The distributions of the eigenvalues λ 1,2 peak at the values λ 1 ≈ λ and λ 2 ≈ λ 0.5 . The corresponding distributions of the eigenvalues ofF f obtained using Eq. (20) and N f = 4 are displayed in the right panel of Fig. 1 . The effective FN-like charges takes the values n(f 1 ) ≈ 4 and n(f 2 ) ≈ 2. As it is expected, the FCW scales the distribution λ i to λ N f i and one gets the exponential hierarchy in the effective Yukawa couplings. We also repeat the analysis for Q f whose elements are randomly chosen from a normal distribution centered at µ = 0 with standard deviation σ = 0.3. The corresponding results are displayed in Fig. 2 . These choices of Q f and N f = 4 generate viable effective FN charges for f = q, u c , e c as can be seen from Figs. 1, 2 and Eqs. (6, 7) .
The effective FN-like charges for the down-type quarks and charged leptons can be obtained in a similar way. For s = 3 in Eqs. (6, 7) , one can introduce FCW for all the three generations. In this case we choose the elements of 3 × 3 matrix Q f from a uniformly distributed random number in [−0.1, 0.1] and introduce N f = 2 gears. The distributions of the eigenvalues of Q f andF f obtained from Eq. (20) are displayed in Fig. 3 . A similar analysis It is further possible to further improve upon the resulting distributions of n(f i ) by guiding the interactions between the CW gears. For example, it can be noticed form Fig. 2 that the distributions of n(f 2 ) and n(f 3 ) are peaking at slightly different values. As described earlier, a perfect alignment n(f 2 ) = n(f 3 ) helps in obtaining large or maximal atmospheric mixing angle. This can be achieved if the spurions M and m in Eq. (13) leave an unbroken O(2) R,b subgroup of the full symmetry group of CW theory. The resulting Q f possesses two identical eigenvalues, let us say λ 2 = λ 3 and leads to n(f 2 ) = n(f 3 ) in the effective theory. Therefore, the maximality of atmospheric mixing angle can still be explained in a theory with anarchic Yukawa couplings if an appropriate symmetry governs the interaction among the CW gears.
The FCW presented in the above can straightforwardly be implemented in SU (5) grand unified theories. The SM fermions of a given generation are accommodated in 10 = {q, u c , e c } and 5 = {l, d c } representations of SU (5). In the above we have found that Q q = Q u c = Q e c ≡ Q 10 , Q l = Q d c ≡ Q 5 , N q = N u c = N e c ≡ N 10 = 4, and N l = N d c ≡ N 5 = 2 which are consistent with SU (5) unification. An implementation of the FCW mechanism within SO(10)-based grand unified theories is however a challenging task. It is known that the FN mechanism in its simplest form cannot be implemented in SO(10) theories due to complete unification of all the fermions of a given generation in the 16-plet of SO(10). However there exist frameworks in which an effective FN-like flavour structure consistent with the flavour spectrum is obtained from SO(10) theory in higher dimension [31] [32] [33] . Considering the resemblance between the FCW and higher-dimensional theories, it would be interesting to explore a possibility to implement FCW in four-dimensional SO(10) grand unified theories.
Finally, we comment on the mass scale of CW gears. The fermion masses are technically natural as they are protected by chiral symmetry. The hierarchies generated at any scale remain unaltered under the renormalization group evolution. Therefore, the scale of vectorlike fermions is not constrained by any naturalness criteria. In other words, the mechanism crucially depends on the ratio, Q = M −1 m in Eq. (13), and not on the size of individual m or M . There exists a lower bound on the masses of such fermions because of their absence in the direct and indirect searches carried out so far. However, the masses of such fermions can take any value between a few TeV and the Planck scale.
V. SUMMARY
We have implemented the recently proposed CW mechanism into the SM flavour sector. It is shown that one can obtain the exponential hierarchies in the masses of fermions without introducing any unnaturally small or large parameter in the fundamental theory. This is achieved by incorporating N f pairs of CW gears for each generation of the SM fermion of flavour f , where f = q, u c , d c , l, e c . In the FCW mechanism proposed here, the gears of different generations of a given type of SM fermion are allowed to interact with each other maintaining the characteristic nearest neighbour interaction structure of CW mechanism. It is shown that such an arrangement leads to strong or mild intergenerational hierarchies for large or small values of N f . We show that the hierarchies in the masses and mixing of different SM fermions generated by N f = 4 for f = q, u c , e c and N f = 2 for f = l, d c are in good agreement with the current observations. One can also account for the smallness of m b /m t and m τ /m t by introducing appropriate couplings and with the help of FCW mechanism. It is shown that the mechanism provides generalization of the Froggatt-Nielsen mechanism such that the latter with fractional FN charges of fermions can be obtained from the former as an effective theory. The number of gears more or less determines the effective FN charges for all the generations of a given type of fermions.
